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1 Introduction
We investigate a stochastic variant of the well-known 1|rj |

∑
wjUj problem, in which the

jobs are subject to unexpected failure that incur additional costs. The decision maker is then
allowed to take recourse actions such as outsourcing or spending more time on the jobs to fix
them. We are interested in worst-case optimization, with polyhedral uncertainty set affecting
the objective function.

In our problem, called Two-Stage Robust Weighted Number of Tardy Jobs (2SRWNTJ) in
the sequel, an instance consists of a set of jobs J , each of which is characterized by a release
date rj , a due date dj , and a nominal processing time pj . A weight wj can be interpreted as
the cost for executing the job, or as the opposite of the profit associated with the processing of
the job. At first stage, here-and-now decisions are to select a subset of jobs J ∗ ⊆ J to process.
After that, a subset of the jobs can be affected by unexpected failures, those being governed
by the uncertainty set Ξ = {ξ ∈ R|J |+ |ξj ≤ 1,∀Jj ∈ J and

∑
j|Jj∈J ξj ≤ Γ}. The realization of

alea ξ ∈ Ξ determines a profit degradation for each job Jj ∈ J defined as δj(ξ) = δ̄jξj , where δ̄j

is the maximum additional cost linked to the job’s failure. Input parameter Γ is, therefore, the
largest number of jobs that can incur their maximum degradation. At second stage, recourse
actions have to be taken. For each J ∗, one can choose (i) to keep the revealed profit ; (ii) to
repair the job, adding τj time units to its processing time to recover its initial profit ; or (iii)
to reject the job and pay a fixed outsourcing cost fj . Finally, jobs in J ∗ that are not rejected
must be scheduled so that they meet their time windows. The objective is to select a subset of
jobs as well as the recourse actions that minimize the worst-case overall cost.

2 Related work
In [1], the authors study a variant of 1||

∑
Uj where the processing times are uncertain. Given

a discrete scenario-based uncertainty set, one has to determine an initial, feasible for nominal
processing times, sequence of jobs. At second stage, once the scenario of actual processing
times is revealed, the sequence must be made feasible for those actual processing times by
rejecting some jobs. The objective is to minimize the expected cost of the repaired solution.
Exact methods are proposed for this problem. Our study differs by the basic problem (we
consider unequal release dates and weights), the nature of the uncertainty set (polyhedral vs.
discrete), the uncertain data (objective vs. constraints) and the possible recourse actions.

Robustness is known to be a hard issue in scheduling. [4] and [5] show that even simple
scheduling problems become NP-hard as soon as the uncertainty set contains more than
one scenario. A possible way to addess our problem is to use the so-called finite adaptability



introduced by [6] for which MILP formulations have been presented in [7]. This heuristic
approach consists in restricting the problem by determining, at first stage, a set of K recourse
solutions, while the second stage is reduced to choosing the best of those for the revealed
alea. On the one hand, for small values of K, this approach has the advantage to produce
tractable problems. On the other hand, it may produce suboptimal solutions, since it restricts
the number of recourse actions that can be performed.

3 Main contribution
The main contribution of our work is to propose the first exact method for this problem.

It is based on a recent result of [3]. In particular, we first model the (2SRWNTJ) problem as
a standard two-stage robust problem with second-stage integer decisions by extending some
results found by [2] for the deterministic 1|rj |

∑
wjUj problem. We then show how the me-

thodology introduced by [3] can be used to reformulate our problem as a MILP formulation.
The application of the aforementioned method is motivated by some interesting features of our
initial formulation. Namely, a polyhedral uncertainty set and interdiction linking constraints
between the first stage and second stage (i.e., constraints of the form α ≤ β where α and β
are binary decisional vectors).

Because the obtained formulation is of exponential size, we solve it with a branch-and-price
algorithm. Finally, we compare our approach with the previously mentioned finite adaptability
heuristic. We show that our exact approach outperforms it for the most difficult instances,
namely, those with a larger number of jobs. In particular, we are able to solve to optimality all
20-jobs instances of our test bed within one hour, and 85% of the 25-jobs instances within the
same time limit while the finite adaptability approach fails at solving some 10 jobs-instances,
even by assuming to know the optimal parameter K∗. Finally, it solves less than 17% of the
instances for which K∗ ≥ 2 and |J | = 25.
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